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On the non-linear interaction of inertial modes
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It is shown that the principal non-linear interaction of inviscid inertial modes
does not, produce a resonant response in the steady geostrophic circulation. The
rectified geostrophic flow manifested in a closed rotating container by a periodie
excitation seems to result from a combination of viscous and non-linear effects
within the boundary layers.

1. Introduction

A number of rotating fluid experiments have been conducted (e.g. Fultz 1959;
Malkus 1968) which either produce or require pure inertial modes in closed
containers. In each of these, as the level of excitation is increased beyond the
linear range, a steady zonal flow invariably appears as a manifestation of some
non-linear interaction. It has been conjectured that this interaction takes place
within the viscous boundary layer at the containing wall. Indeed, Busse (1968)
has confirmed this in one particular case and has shown that the most important
regions in this respect are those surrounding the critical latitudes (where the
basic oscillation frequency is exactly twice the component of the rotation vector
along the normal to the boundary).

The object of this note is to present further evidence in support of this con-
tention by proving that a purely inviscid, non-linear interaction of inertial
modes does not produce a ‘significant’ rectified motion in a closed configuration.
Thus, it appears that a combination of viscous and non-linear effects within the
boundary layer is the essential mechanism in the development of the steady
interior circulations observed.

2. Formulation

If the scales of length, time and relative velocity (in the uniformly rotating
frame for which Q = QK) are characterized by L, Q-1 and eQL where ¢ is small,
then the dimensionless inviscid boundary value problem is

2 a+2kxq= ~Vp-ctVia. 9+ (Vxa)xa}, M
V.q=0, 2
with q.n=0 (3)
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on X, the surface of the container whose normal is n. Let the top and bottom
surfaces of the container, X = X, + X g, be represented by

< =f(x, Y) (ET)’ z=—g(,¥y) (ZB)’ (4)
so that ny =k-Vf=(1+(Vf)2)if,, 1
n, = —k—Vg = (1+(Vg)2)tfi.[

We consider container configurations for which the general solution of the
inviscid linear problem is a superposition of normal modes, of which there are
two types. There are an infinite number of inertial oscillations typically repre-

(5)

ntedBY g =Q,@mexp iy, p = Pp(r)explira), (6)
and a single geostrophic mode, a steady zonal flow, of the form
q=q(r), p=g¢(x). (7

The equations for the modes are obtaining by setting ¢ = 0in (1) and substituting
the particular functional forms for velocity and pressure. For example,

2, Qn+2kxQ,, = -Vd,, V.Q, =0, (8)
with Q,. =0 on I,
These modes have the following important properties (see Greenspan 1968):
(i) Apisrealand |2, | < 2;
() [ Qu-QLdV =0, } ®

for » + m, where V is the volume of the container and } denotes complex con-
jugate;

(iii) @(r) =@ (h), (10)
where b = f+g;

h
) q@)=q@y=-220

") §G<<0m>>.ds ~o, (12)

N, xNg; (11)

where € is a closed geostrophic contour of constant height, h = f+¢g (whose
tangent vector is ny x ng/ | nyxnyg|) and

() = fgw (@,y,2)d=. (13)

The general, linear, inviscid solution is assumed to be a synthesis of all the
natural modes:

q(r,8) = q(@,y) + X 0,y Qpp (r) €xp (i, 7). (14)

Moreover, if q(r, 0) = g4 (r) at ¢ = 0, then it follows from properties (ii) and (v)
that _fq*.Q,*ndV

J' Q,..QLav’

A

(15)
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and q= %h) l:fﬁg {qy(r)). ds:l N,y XNg, (16)
where J(h) = hfﬁ |ng xng|ds.
€

We proceed now to construct a general solution of the equations of motion
(1), (2) with the restriction that the non-linear interactions are weak, i.e. € € 1.
To this end, the form of the linear solution, (14), is modified to account for a slow
time variation on a scale dictated by the parameter ¢-1. Therefore, let

a4 =q(@,y,8)+ Z[4,(8) Qp(r) + 45 () Qf (r)],

(17)
P = ¢ (b, 1)+ 2[4, (1) D, (r) + A, () Do (1)],
where q is a solution of the steady geostrophic equations and Q,,(r) are the modal
functions identified earlier. This representation automatically satisfies the diver-
gence equation, (2), and the boundary conditions. The explicit form of q (its
dependence on ¢) and the coefficient functions 4,, (f) must now be determined.

3. Weak interactions

The substitution of (17) into (2) and use of the orthogonality and mean circula-
tion conditions, (9) and (12), result in the following °condensed’ equations for
the unknown functions:

gig—;—"—‘—i/\mAm= —efQZn.(qu)quV, (18)
oq
hfﬁ a—.ds: —efﬁ {(Vxq)xq).ds. (19)
g ot €

The integrals on the right-hand sides are functions of all the unknown coefficients
(see the appendix for the explicit forms) and at this point the assumption of weak
non-linearity, or small ¢, must be invoked. This is done through the introduction
of a perturbation expansion whose structure also incorporates multiple time
scales in order to maintain a uniformly valid solution:

A () = Ao, 7,8 )+ €A,y (Tt ) ey

d(z,y,t) = qy(x,y,t,7,1,...) +eq, (z,y,t,7,,...)+ ..., (20)
Dk, 1) = Po(h,t,T,1,...) +ed (B, b, 7,1, )+ ...,
where T=¢l, t=¢%,... (21)

The time derivatives then appear as follows:

ddy _0dm (aAml

L 4mo) L
dat ot

ot or

(22)
Gaz2q tella.+l
pr Bl LRt P il
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Upon substituting these series in (18) and (19) and equating powers of ¢, we find
that to lowest order

Amo = Qo (1,t,-.) €xXp (iamt)’ (23)
d
and 70 = 0,
1/¢
or q0=q0(x:y115t7"') =_§(ﬁb¢0(h517t:"')) nTan' (24)

(The essential details for all the calculations in this section are presented in the
appendix.) At the next step, that is terms of order ¢, it becomes necessary to
eliminate secular terms (e.g. texp (¢A,, 1)) to assure a uniformly valid expansion.
The conditions for this imply that

A, = aye(t)exp {TU‘QI,, (QexVxQ,+0Q,, xVx qo)dV] +i/1mt}, (25)
and h§ %’.ds:Z]Amo|2§ QL xVxQ,+0Q,xVxQ}).ds. (26)
¢ o7 m [

These equations can be greatly simplified by manipulating the integrals involving
Q,,- For example, it is a straightforward calculation, using (8), to show that

QHxVxQ,+0Q,xVxQf =— (Q*me),

; /\m
or equivalently,

(Q5xVx Qp+Q,xV x Qs >—— (Qhx Q15 (27)

where the bracket 1% indicates evaluations at the top and bottom boundaries
of the container. Furthermore,

(npxng).(Qfx Q) = (7. QL) (ng. Q,)—(ngp. QL) (ng. QF), (28)
which according to (8) is identically zero at X, and Z 5. This result, together with

the identity d Ny XNg ds,
" [ngxn 3|
allows the reduction of (26) to
oq, _
hfﬁg-&—.ds =0, (29)
or more simply, just a{i" (30)

{(According to (11),
oq, _ hfo
h%@‘a?.ds = —é[a—TQSo(h,T)] %G | nTX nBI .ds.

Equation (29) is then equivalent to

o9 _
or
which proves the statement (30).)

0,
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Thus, we conclude that there are no resonant non-linear interactions of
inertial oscillations which produce an O(1) effect on the steady geostrophic mode
in the long time scale 7. Minor O (¢) oscillations along constant-height contours
and equally small non-geostrophic circulations are generated, but no major
resonant rectification occurs.

The main effect, in this period of time, of a non-linear interaction on an inertial
mode is to shift the frequency of oscillation, but the amplitude remains un-
changed. This can be established from (25) by computing the absolute value of
the modal coefficient:

| Ao |2 = | oo [%xp{rf[();,. (@exVxQ,)+Q,,.(@yxVx Q,*,,)]dV}. (31)

The volume integral in this expression is, however, identically zero, a fact
established in the following way. Note that

f[o:n.(qoxvxom)+0m-<qoxV><0:n)]dV

= —fqo.[Q,'f,,xVxQm+meV><Q,*n]dV,

1
_quo.();‘nx Q,]5dxdy.

However, the last integrand is proportional to the quantity

(npxng). Qf, x Qm]g’
which is zero according to (28) and the boundary condition, n.Q,, = 0 on X.
Thus, (31) becomes

0
| Ao |2 = | otmo |2, oF E|Am0|2=0,

or, using (27), =

proving that the amplitude is a constant to this degree of approximation, within
the time scale indicated. The effects of possible resonant triads, when the fre-
quencies of two modes add exactly to that of a third have not been considered
here except, of course, for the case of steady motion (zero frequency). The more
general resonant-triad interaction cannot have an important influence on the
primary geostrophic mode until £ ~ ¢—2.

Longuet-Higgins & Gill (1967) examined the properties of resonant-triad inter-
actions of plane, planetary waves in a study based on the #-plane approximation
of the potential vorticity equation. The main interactions and energy transfer
were shown to occur in the vicinity of a particular pair of latitude circles. In
addition, it was found that zonal currents cannot gain or lose any energy by the
mechanism of non-linear wave interactions, a conclusion which is, of course, a
special case of the general result given here.

4, Conclusion

It has been shown that a general, inviscid, non-linear interaction of discrete
inertial modes does not produce a significant (i.e. O (1)) steady circulation in a
closed container in an O (¢~1) interval of time.
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The principal cause of the steady currents which do develop from oscillatory
disturbances or excitations seems to be non-linear processes within the viscous
boundary layers. This mechanism is also responsible for any significant changes
in the amplitudes of contained inertial modes in the O(e~!) time period. Large
changes might occur for ¢ ~ ¢=2, but to examine this possibility, it is necessary
to extend the asymptotic analysis to still higher order.

This research was partially supported by the Office of Scientific Research of
the U.S. Air Force, Contract F44620-67-C-0007.

Appendix

The relevant details of the analysis summarized in §2 are set forth here.

The expanded versions of (18) and (19) are

d

dt

Am— iAmAm =

<t

q.ds =

—e{fQ,*,,.(qu)quV

+zAnf[(qu)xon.ozl—quxon.o:n]dV

+zA;f[<qu)xo; .Qh—qxVxQL.QL]dV

+El[AnA,fQ;;,. (VxQ,)xQ,dV
+ A, A] fQ,f,,.(vX Q,)xQ;dV
) 4, Q4. (Vx O x QY

+A;A;fo;.(on;)xo;dV]},

—6{2;‘44" é;G(V xq)x<Q,>.ds

+zA,tfj§ (V x @) x QL. ds

n [

L3 [AnA, gﬁ (V% Q) x Q. ds
n,l (S

+A,d] § (V% Q) x0p).ds

+AL4, gﬁ@«w Q!)xQ).ds

A 4] §_ (% Q) 0. ds]).

(A1)
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If, now, the expansions given in (20) are substituted into the foregoing and the
coefficients of the same powers of € equated, then an infinite set of equations is
obtained. Those that correspond to €® and €! are

04,0
7

—iA, A0 =0, (A3)

24,0
or

3A7nl - i/\mAml +

ot =J‘Q,';1.q0xqu0dV

+2An0fo:...[qoxVxon+0nxquo]dV

+2A:,of0:,,.[qoxVxo;+0uxquo]dV

+§Z[AnoA,on,*n.Q,xV < Q,dV
+AnoA;.,f0;n.Q;xvx Q,dV
+A;,0A,ofo;.o,xvx Qdv
+A;0A;0f0;.0; <V x Q,*,dV], (Ad4)
kjg aﬂ—“.ds:O, (A 5)
< ot

hﬂﬁg(%%‘g) .ds =§,[An03€€<0n> x (V x q) . ds

+A,{03€€<Q;,)x (V x qo).ds]

+ 2 [AnoAmo %@ <Qm x V x Qn> .ds

+A,,0A;,.05€ QL xVxQ,y.ds

€

+A;;0Am03€ (Q,, xVx Q}).ds
&

+ AloAb 396 QL xVx QLY. ds]. (A6)

Equations (A 3) and (A5) indicate that q, is steady, i.e. independent of the
‘fagt’ variable ¢ and that 4,,, is purely oscillatory on the same time scale. The
solutions for 4,,, and q; would contain terms proportional to ¢ if such secular
quantities are not suppressed. This may be done by choosing 94,,/0r and
8q,/97 to eliminate the inhomogeneous terms in (A 4) and (A 6) that also corre-
spond to solutions of the respective homogeneous equations. We are led in this
manner to (25) and (26) which formed the cornerstone of our analysis.



264 H. P. Greenspan

REFERENCES
Busse, F. H. 1968 Steady fluid flow in a precessing spheroidal shell. J. Fluid Mech. 33,
739-752.

Furrz, D. 1959 A note on over stability and the elastoid-inertia oscillations of Kelvin,
Solberg and Bjerkness. J. Meteorol. 16, 199-208.

GREENSPAN, H. P. 1968 The Theory of Rotating Fluids. Cambridge University Press.

Lo~auEer-HIigaixs, M. 8. & Gizr, A. E. 1967 Resonant interactions between planetary
waves. Proc. Roy. Soc. A 299, 120-140.

Marxus, W. V. R. 1968 Precession of the earth as the cause of geomagnetism. Science,
160, 259-264.





